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Abstract. In this work the wave equation is analytically solved in the variational form
and for the gradient of the functional the analytical expression is found. Also analytical
expression for optimal potential in inverse potential is obtained.
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1. Problem statement

It is known that the motion of a particle in a central field is described by the
equation

ad( ,dR) bR
S 2R R ()R =ER
r? dr( drj+r2+q() ' @

Here a>0 and bare given numbers, q(r)is the energy of interaction.
Multiplying this equation by the r? and denoting by

Q(r) =b+q(r)r?,

we obtain

d(.dr e
_aa(r drj+Q(r)R_Er R. (2)

One of the interesting problems is to obtain an analytical solution of for
different and special potentials Q(r) that is not always possible. Also one of the

main problems is the solution of inverse problem, finding of the potential Q(r) on
the given energy eigenvalues of the Eq.(2), if possible:

R(ro):Zo’ R(r1)=Z17 R(rz)zzzi""R(rn):Zn (3)

where O0<r, <r, <..<r; nx2.
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Now we consider the equation (2) on the interval [r,r ]. Our aimis to find
here the potential Q(r) in the interval [r,r ], such that the solution of the
problem (2) R(r) satisfies the condition (3).

Variational formulation of the problem. Here we assume that the

solution of the problem posed in (2), (3) exists. In order to solve the problems (2),
(3), we write it in the variational form: Find the minimum of the functional

1@ = SIR(M) =2 — min (4)
under condition (2) and
R(rO) = ZO’ R(rn) = Zn * (5)

It is clear, that if Q" =Q"(r) is a solution of the problem (2), (3), it is
also a solution of the variational problem (2), (4), (5). The converse statement is
also true. (The converse is also inverse).

Indeed, let Q" =Q"(r) be a solution of (2), (4), (5). Then J(Q")=0,
because of the conditions (3). The case J(Q") >0 contradicts to the condition of
the problem (2), (3).

Considering the equivalence of the problems (2), (3) and (2), (4), (5), here
we will investigate the optimal control problem (2), (4) and (5). Management role
in this task plays by the potential Q =Q(r), r €[r,,r.]. Usually on the Q(r)
additional conditions are set [4].

Finding of the optimal potential. Let the class of controls Q(r) be in the
form:

U :{Q :Q(r) € Lz(rovrn):Qn SQ(F) SQM vr E[rovrn]}' (6)

Here 0 <Q(r) <Q are given numbers.
Let w =w(r) beasolution of the problem

. ai[rz d_‘”j +Qw —Erty =25 RN -215( ),  (7)
dr dr i=1
w(r)=0, w(r)=0. (8)

Here 6 = &(t) - is the Dirac delta function with properties

+o0, t=0,
o) =
® {0, t=0.

Suppose Q =Q(r), Q =Q(r) that two any of potential of the plurality U .
Solution of the problems (2), (5) corresponding to these potentials, we will denote
by R(r) and R(r), respectively. Then it is clear that

d ( , dAR

_a L _j Q(NAR-Er?AR+AQR =0, 9)
dr dr
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AR(r,) =0, AR(r.) =0, (10)

where

AR=R(r)-R(r), AQ=Q(r)-Q(r).
Multiplying (9) by w =w(r) and integrating it over the interval [r,,r ] we get

I[ ai(r d—)+Q(r)y/ Er l//}ARder]lAQﬁl//dr—

’ ccler 3 d )
—ar? A1// " tar? Y AR n=.
dr 0 dr 0

Now we calculate the increment of the functional (4)

M =1@-IQ -3 RO)-2F S [RE)-2F -
(12)
=23 [R(r) -z AR() + X [R(n) - RODT

Adding to (12) equation (11) (since the right-hand side is equal to zero), and
given that AR(r,) =AR(r,)=0 we have

AJ —2"21: [R(r)-z, AR(r)+jAQRwdr+

+I —ai er—l// +Q(r)w - Erty ARdr—arsz—Rw:;+
. dr dr

oL dr (13)
+ > R -re)J =0
Here we :J:;e the known properties of the &(t) function of the Dirac
[ #sr-r)dr=£(c), i=n-1.
Then we can write ’
[R(r )—z; JAR(r;) = zj[R(t ~z,JAR()S(t —r,)dt (14)

i=10

Taking this into account in (13) and the fact that y = (r) is the solution of the
problems (7), (8), (13) we obtain

AJ = [Q(r)y ARdr + z[R(r) R (15)

0
Now we can show that

|AR(r)| < C”AQ”LZ(rO,rn) ! (16)
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where ¢ >0 is constant.

For this purpose we multiply the equation (9) by AR and integrate it on
[r,,s], r,<s<r, .

Then we obtain

ajr (ddAer dr+ j[Q(r) Er?]JAR dr+{AQRARdr—

From this expressmn it is clear that

t (dARY S
o | (Wj dr <C a0 +C. flarfar
Here C,,C, are positive constants. Then,

dAR
j ( o )<c IaQff +C j|AR| dr. an

Taking into account that AR(r,) =0 itis p035|ble to write

(AR(s))? —_S[a(AR) dr—szRdﬁ—erm

To To

<j(AR) dr+J'(ddAer dr.

Here we take into account (17), and find
(AR(s))" <C, [ (aR)*dr +C, Q] (18)
)

Using Gronwall’s lemma [6] from (18) we get

(R(s)) <Cy|AQ[", selr,r.].

We have proved the inequality Taking this fact into account in we have

AJ = [QuARdr + o(|AQ]). (19)
Using standard techniques of Ref.[6] from (19) we obtain the following theorem.
Theorem 1. Let Q" =Q"(r) be the optimal potential for the problem (2), (4), (5).

Then for any Q =Q(r) eU the relations
Q' (N y (NR(r)=min Q(r)y (NR'(r), vre[r,r], Q<Q(r)=<Q,, (20)

are true. Here R"=R'(r), w =y (r), solutions of a problem (2), (5) and (7),
(8)at Q=0Q(r).
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Theorem 2. Functional (4) is differentiable and its gradient is given by the

formula

J'Q)=vR.
Theorem 1 allows us to determine the optimal potential analytically.
Consequence. Let Q" =Q"(r) be the optimal potential for the problem (2), (4),
(5). Then

* — QO’ V/*(r)>0’
P00, vin<o

In the case " (r) =0, the potential can be chosen arbitrarily.
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